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Abstract 

Motivated by recent progresses in the holographic descriptions of the Kerr and Reissner- 
Nordstr0m (RN) black holes, we explore the hidden conformal symmetry of nonextremal uplifted 
5D RN black hole by studying the near horizon wave equation of a massless scalar field propagating 
in this background. Similar to the Kerr black hole case, this hidden symmetry is broken by the 
periodicity of the associated angle coordinate in the background geometry, but the results some- 
how testify the dual CFT description of the nonextremal RN black holes. The duality is further 
supported by matching of the entropies and absorption cross sections calculated from both CFT 
and gravity sides. 
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I. INTRODUCTION 



In the past two years, the investigations on the holographic dual descriptions [iHI for 



IJJs 



13| and the 



18 



the black holes have archived substantial success, in particular for the Kerr 
Reissner-Nordstr0m (RN) black holes 14|-|l7l|. as well as the other generalizations 
The major progresses are made essentially on the extremal and near extremal limits in 
which the black hole near horizon geometries consist a certain AdS structure and the central 
charges of dual CFT can be obtained by analyzing the asymptotic symmetry following the 



approach in [39| or by ca' 



explicitly discussed in 



40 



culating the boundary stress tensor of the 2D effective action as 
3N44|. The supported evidences include the matching of the CFT 
and black hole entropies, and the agreement between the absorption cross section of a scalar 
field with the two point function of its dual operator. 

It is naturally to expect that the holographic dual description should be legitimate for the 
general nonextremal black holes. However, there are no obvious hints for the AdS structure 
in the near horizon geometry of nonextremal black holes. The conformal symmetry somehow 



has been hidden and 
In the recent paper 



;herefore the study of the corresponding dual CFT seems to be obscure. 



45l ] an encouraging result has been shown that a massless scalar field 



is indeed able to probe the hidden conformal symmetry in the nonextremal Kerr black hole 



background, see also 



46| . The work 45| is motivated by the fact that the near horizon wave 



2 



equation for a massless scalar field comprehend a conformal symmetry inherited from the 
back hole background geometry. In this approach, the dual CFT temperatures of left and 
right sectors can be identified. Moreover, the essential information of the operator dual to 
the scalar field can also be read out and the absorption cross section of the massless scalar 
field agrees with the two point function of its dual operator. However, in the background 
geometry, the conformal symmetry is broken to U{1)l x U{1)r due to the periodicity of the 
corresponding angle coordinate. 

In this paper, we investigate the hidden conformal symmetry of RN black holes following 



the approach in 



45|. The RN black holes can have a holographic dual CFT2 description by 



uplifting to the 5D spacetime. The central charges generically depend on the radius of the 
extra dimension i as: Cl = Cr = 6g^/£. By analyzing the near horizon Klein-Gorden equation 
of a massless scalar field in the low frequency, w ^ 1/m and low momentum k/l <^ 1/m 
limit, we found that the wave equation can be derived from the Casimir operator of CFT2. 
Consequently, the finite temperatures of left and right sectors are Tl = l{2m? — q^) and 
Tr = im^/m^ — /ixq^ respectively, and the CFT entropy precisely reproduces the black 
hole entropy 

o Area 



TT^ \(.{2rn? — q^) Imyjm? — q^ 



l-Kq" nq^ 

We also check the agreement of the absorption cross section with the two point function of 
corresponding dual operator. 

The outline of this paper is as follows. We review the uplifted RN black holes and 
discuss the associated properties in Section II. In Section III, we derive the near horizon 
wave equation for a massless scalar field and explore the hidden conformal symmetry in the 
equation. The CFT temperatures of left and right sectors are identified. We further, in 
Section IV, verify the absorption cross section of the massless scalar field and the two point 
function of its dual operator. Finally summarize our results in Section V. 



II. UPLIFTED 5D RN BLACK HOLE 



We first review the properties of 5D RN black hole uplifted from its 4D counterpart. Note 
that the electrically charged RN black hole in the 4D Einstein-Maxwell theory 



of metric and gauge potential (m, q are mass and charge parameters) 

W) 



2 dr'^ , „2 



dsi = -fir)dr + —— + r'dn^, 



Ai] = -^dt, /(r) = l- — + (2) 



can be consistently uplifted to 5D Einstein-Maxwell theory 

1 /• r-/^ 1 



^ , d^xJ-g R Fl ] , (3) 



via an inverse Kaluza-Klein (KK) reduction [1 



dsi =[^dx + -A^dxf'j + dsi A[2] = —A[i] A idx- (4) 



The explicit form of uplifted RN solution is 



ds^ = -f{r)dt^ + 4?^ + r^dnj + (idx - -dt ' 



ij2] = -Vs^dtAidx- (5) 

The radius of extra dimension of a circle, the parameter i, is explicitly given in the solution 
to ensure the usual period of extra angle coordinate x ~ X + 27r. The gravitational constants 
in two different dimensions are related by = 27r£G4. Hereafter we will assume = 1. 
A notable feature of the uplifted RN black hole is the emergence of the ergosphere at 
—gtt = 1 — 2m /r = which is an essential feature for superradiance study 17|. The 
corresponding black hole thermodynamic quantities, such as the Hawking temperature and 
the Bekenstein-Hawking entropy, are 

1 r I — r_ 



H 



Ati r 



2 



= 4g: = T = 



where r-t = m ± ^w? — are the black hole outer and inner horizon radius, respectively. 

The dual CFT descriptions of the near extremal RN black hole have been studied both 
in the (warped) AdSg/CFTz Q, Q, Q and AdSg/CFTi pictures 16|. The central charge 



of the CFT can be computed by analyzing the asymptotic symmetry of the near horizon 
geometry in the extremal limit. It is shown that, unlike the Kerr black hole case, the central 
charges for uplifted RN black holes depend on the choice of parameter £. In particular, two 



specific choices have been discussed: cl = cr = 6q^ for £ = 1 in Q, [isl and cl = cr = Q(f 



for £ = g in [16|, [1 

as 



Accordingly, the general expression for central charges can be written 

(7) 



Cl = Cr 



6q^ 



III. SCALAR FIELD EQUATION 

Consider a bulk massless scalar field $ propagating in the background of dS]), the Klein- 
Gordon (KG) equation 

V„V"$ = 0, 



can be simplified by assuming the following form of the scalar field 

$(t, r, e, (f), x) = e-*^*+*"'^+*'=^5(e)i?(r), 

and reduces to two decoupled equations by separation of variables: 

{cor — kq/iYr"^ 



dr{AdrR) 



1 / ^ 



R 

Si 



0, 
0, 



(8) 

(9) 

(10) 
(11) 



sin^ " ' y ^ sin^6'^ 

where A = r^f = {r — rj^){r — r^). The angular equation simply implies that the separation 
constant should take the standard value A/ = /(/ + 1) for integer / and the solutions for Si 
are just the standard spherical harmonic functions. 

It is worth to note that the probe of a neutral massless scalar field in 5D uplifted RN 
black holes is equivalent to a probe in 4D RN black holes by a charged massive scalar field 
with mass fi and charge e given by 

" = 2l' " = P • (12) 

Therefore, the 5D momentum mode k generates both the charge and mass of the 4D scalar. 
The factor half is due to the /c-momentum coupling only with the KK vector portion, namely 
half of the original 4D RN background charge. 

Furthermore, the radial equation can be reformulated in the following form 



dr{AdrR) + 



[{2'mr^ — q^)uj — {qr+/i)k] [(2mr_ — q'^)uj — {qr_/ l)k\ 



(r — r_,.)(r_|_ — r_) 



(r — rJ){rj^ — r_) 



+ (a;^ - k'^/l'^){r'^ - q^) + 2uj{um - kq/l){r + 2m) 



R = l{l + l)R. 



(13) 
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We will see later that if the potential term in second line of Eq.f llSp vanishes, then the 
remaining equation can be exactly obtained by the Casimir operator of the SL{2,R)l x 
SL{2, R)r Lie algebra. To accomplish this, we should require: (a) small frequency u and 
momentum k/l limit, namely mu <^ 1, mk/i ^ 1 (automatically implies qu <^ 1, qk/l <^ 
1), and (b) near horizon limit of ^ 1 and rk/l ^ 1. Consequently, the near-horizon 
radial wave equation reduces to 

[(2mr+ — q^)uj — (gr+/£)/c]^ [(2mr_ — q^)uj — {qr_/i)ky 



dr{AdrR) 



(r — r_|_)(r+ — r„) {r — r^){r^ — r^) 



R = l{l + 1)R. 

(14) 



The two sets of symmetry generators of the AdSs space with radius L, in the Poincare 
coordinates: (ty^,?/), 

dsl = —{dy"^ + dw~^dw~), (15) 

are 



Hi = id+, 

1 
2 



Ho = i (w^ d+ + -ydy , , 



H.i = I [{w+f d+ + w+y dy - y" d.) , (16) 



and 



Hi = id., 

1 
2 



Ho = i{w d- + -ydy j , 



H-i = I {{w-f d_ + w~y dy - y^ d+) , (17) 

assembling two copies of the SL{2, R) Lie algebra 

[Ho, H^i] = Tzi7±i, [H^i, Hi] = -2iHo. (18) 

Thus the corresponding Casimir operator is 

= -Hi + 1 {HiH.i + H.iHi) = \ [y^ d'y - y dy) + y' d+d.. (19) 

Converting the Poincare coordinates {w^,y) to the coordinates {t,r,x) of uplifted RN 
black hole by the following transformations 



w+ = J- — ^ exp(27rTRX + 2n+t), 
V r — r_ 



w = J- — ^ exp(27rTLX + 2?T,_t), 
V r — r_ 



exp[7r(T^ + Ti)x + K+n_)t], (20) 



where 



{r+-r^)ml {r+ + r_)mi i r+ =F r_ 

= — ^n:^ — ' = — T^zz:^ n± = 77^, (21) 



27iq^ ' 27rg^ 27rg' 4g 

we can directly calculate all the SL{2, R) generators in terms of black hole coordinates 



Txq^TR Tn 



and 



= -ze-(2-^-^+2"-*)fv^a _ 2mr - \ 



.2m^ — 
27rg2Ti 



- I, 2Vr, v^^^" ^V' ^^^^ 

Finally the Casimir operator becomes 

n^ = d Ad - - g^)^* + (g^+/^)^x]^ ^ [(2mr„ - g^)^^ + {qr^/i)dj^ 

^ ^ (r — r+)(r4. — r_) (r — r_)(r+ — r_) 



Therefore, the near- horizon wave equation Eg. (1141) can be formulated as 

7/2$ = _ ^ ^^^^ ^25) 

and the conformal weights of dual operator of the massless field $ should be 

{hL,hR) = (1 + 1,1 + 1). (26) 

The microscopic entropy of the dual CFT can be computed by the Cardy formula which 
matches with the black hole Bekenstein-Hawking entropy 

5'cFT = -^{clTl + crTr) = 7r(2mr+ - g^) = vrr^ = 5'bh- (27) 



The background geometry of the nonextremal uphfted RN black holes, however, does 
not consist the full SL{2, R)l ^ SL{2, R)^ symmetry. Actually, this conformal symmetry is 
broken down to U{1)l x t/(l)_R by the periodicity of the angle coordinate x- The SL{2,R) 
generators are not periodic under the angular identification x ~ X + 2vr, but are transformed 
to 

w;+~e^-'^«^/;+, w;" ~ e^'^'^^ ~ e2-'(^^+^«) y, (28) 

which just corresponding to operation of the U{1)l x f/(l)R group element in SL{2,R)l x 
SL{2,R)n 

^-iA-K^{TLHQ+TRHo) ^29) 

IV. SCATTERING 

The scattering process of a massive scalar field in the uplifted RN black hole background 
05]) has been discussed in [l^] in the near extremal limit, and the absorption cross section 
calculated from the geometric side matches with the microscopic greybody factor calculated 
from the dual CFT side. In this section, we will extend the computation into nonextremal 
limit of the uplifted RN black hole. The near horizon region solutions, for r ^ l/w, r ^ £//c, 
of Eq. f|T^ include both ingoing and outgoing modes 



, r_j_ {2muj — q fiuj — qk) 

i?(in) = (!:^1±\ ' (r-r_)-'-i (30) 

yr — r_ y 

^ / , 2i2w?uj — q^uj — mqk) ~ 2r.(2muj — quuj — qk) r—r,\ 

F l+l , \ + l — i{2muj — qk)] l — i ; , 

Y r+ — r_ r+ — r_ r — r^J 

. r_|_ {2muj — qj.LUJ — qk) 

R^°-') = {"—^X "^""^ (r-r_)-'-i (31) 



^ / , 2{2rn?'uj — q'^uJ—mqk) , , ~, 2r.(2mu — qau — qk) r — r>' 

F + — —, l + l+i(2mu-qk); — —; 

where k = k/i and fi = q/r^ is the chemical potential. At the outer boundary of the 
matching region r ^ m (but still 1/A;) 

jlM (^r^m)^ Ar^ + Br-^-\ (32) 
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with 



A = ^ "^-^^ 1 ^, (33) 

r (l + / - l{2mUJ - qk)) r ( 1 + / - ^ 2(2m^c.-g^^a;-mgfc) \ 



B = ^ ^ r^, (34) 

r (-/ - l(2mUJ - qk)) V i-l - , 2(2m^^-g^^^-r».gfc) j 

up to an overall constant independent of u and k. Formally we should also find the asymp- 
totic region solutions, for r ^ m, and then match two sets of solutions at the overlap 
region, i.e. m r (V'^' V^); order to get the relations among the integration con- 
stants [9], However, the essential properties of the absorption cross section is indeed 
captured by the coefficient A such as 



Pabs ~ \A\- 

~ sinh 



'27ir^{2mu — qfiu — qk) 



2 



T [1 + I - t{2mu - qk) 



r+ — r_ J 

To see explicitly that Pabs matches with the microscopic greybody factor of the dual CFT, 
we need to identify the related parameters. From the first law of black hole thermodynamics 

ThSSbh = — fJ'^Q- (36) 
one can compute the conjugate charges as 

5Sbh = SScFT = + -7^^ (37) 

-l-L -l-R 

and the solution is 

J. ^ (2m^ - q^)i2ml5m - q6q) 

2{2rn? — q^)ml5m — 2m^q5q . . 

oEr = . (38) 

Therefore, the frequencies of left and right sectors can be read out by identifying u = 
6m, k = 6q, namely 

(2m^ — q^){2mlu} — qk) 



LOl = 6E1 



g3 



2{2rn? — q'^)miu — 2rn?qk 

ur = oEr = . (39) 

g3 



Finally, the absorption cross section can be expressed as 

UJR 



Pabs ~ Tr^"'T^^'^" sinh 



\2Tl 2Ti 



R 



2txTt 



27rT. 



(40) 



which is the finite temperature absorption cross section for a 2D CFT. 
V. CONCLUSION 

The AdS3/CFT2 description for the RN black holes can be discussed by considering their 
uplifted counterparts. The central charges of the dual CFT can be computed by analyzing 
the near horizon geometry in the extremal limit. It turns out that the central charges 
will depend on the embedding, namely depend on the radius of the extra dimension. The 
holographic dual descriptions of RN black holes have been investigated for the extremal 



16| and near extremal [17| limits. For the general nonextremal case, however, the geometry 
does not consist obvious AdS structure. Actually, the conformal symmetry is broken by the 
periodicity of the corresponding angle coordinate. Nevertheless, we found that a massless 
scalar field can probe this hidden conformal symmetry in the near horizon region, and by a 
suitable coordinates identification, the Casimir operator of SL{2, R)l x SL{2, R)^ reproduces 
the Klein-Gorden equation of the massless scalar field in certain limits. Therefore we can 
derive the general expressions for the dual CFT temperatures of left and right sectors and the 
Cardy formula for the CFT entropy precisely agree with the black hole entropy. Moreover, 
we also can identify the conformal weights and frequencies of the operator dual to the 
massless scalar field. The further support for the holographic duality is the evidence that 
the absorption cross section computed from the gravity side agrees with the two point 
function of operators in the CFT. 
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